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Introduction

N UMEROUS investigations of the fluid mechanics of the trans-
verse jet injected into a supersonic flow (TJISF) flowfield have

been motivated by the study of supersonic combustor fuel injection,
thrust vector control of rocket nozzles, and jet reaction force pre-
diction. Early studies presented detailed qualitative discussions of
the structure of the TJISF flowfield.1'2 A few studies have provided
either quantitative or semiquantitative measurements of the veloc-
ity fields of underexpanded jets injected into a supersonic flow.3"5

Despite these investigations, there is a dearth of nonintrusive, quan-
titative mean velocity and turbulence measurements in the TJISF
flowfield. This Note uses laser Doppler velocimetry (LDV) mea-
surements of the mean velocity fields to study development of the
crossflow vortices of a sonic, underexpanded transverse jet injected
into a Mach 1.6 crossflow. These measurements add to the current
understanding of this flowfield and aid in modeling efforts. This
investigation is part of a larger experimental study of the mean and
turbulent velocity field of a TJISF.5

A typical underexpanded TJISF flowfield is shown schematically
in Fig. 1. The figure depicts the supersonic freestream flow with
the jet injected through the bottom wall. The obstruction caused by
the jet generates a bow shock in the freestream (not shown). Af-
ter leaving the orifice, the jet expands through a Prandtl-Meyer fan
and then compresses through a barrel shock and Mach disk. Down-
stream of the Mach disk, the jet plume is quickly turned downstream.
Furthermore, the TJISF flowfield contains a counter-rotating cross-
flow vortex pair in the jet plume. This vortex action is the primary
source of jet entrainment and dominates the jet's downstream ve-
locity field.2 Other vortical structures present in the TJISF flowfield
include the horseshoe vortex that wraps around the windward side of
the jet and trails downstream, shear layer vortices that form around
the circumference of the jet (not shown in Fig. 1), and wake vortices
periodically shed near the base of the inner jet core.
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Experimental Facility and Diagnostics
The experiments described here used the transverse jet facility of

the Gas Dynamics Laboratory at the University of Illinois at Urb ana-
Champaign. During the experiments, the facility's wind tunnel was
run at the Mach 1.6 design condition with a stagnation pressure
of 241 kPa and a stagnation temperature of 295 K (resulting in a
unit Re = 58.8 x 106 nT1). A sonic, underexpanded jet with a
4-mm exit diameter (d) was injected into the test section through a
window in the bottom wall of the wind tunnel. The jet stagnation
pressure, stagnation temperature, jet-to-crossflow momentum flux
ratio, and Reynolds number based on jet diameter for the current
study are as follows: Poj = 476 kPa, Toj = 300 K, / = 1.7, and
Red = 1.1 x 105.

A frequency preshifted two-component LDV system was used to
measure three mean velocity components, U,V, and W, as well as
five of the six kinematic Reynolds stresses, (uf2), (vf2), (u/2), (ufvf),
and (u'w'), throughout the x-y midline plane and two y-z planes
(i.e., crossflow planes; see Fig. 1). Velocity measurements were ob-
tained at more than 4000 spatial locations with four optical setups.
Also, 4000 instantaneous velocity realizations were obtained at each
location to minimize statistical uncertainty. An analysis of the error
associated with the LDV measurements was presented previously.5
The crossflow plane mean V-W measurements presented here
are accurate to within ±1% of the upstream crossflow velocity,
Uc — 446 m/s, at the 95% confidence level and were located within
±0.0125d (i.e., ±50 /im) in a measurement grid spaced a distance
of 0.125d (0.5 mm) in both the spanwise and transverse directions.

Results and Discussion
Figure 2 shows the V-W velocity vectors of half of the crossflow

planes at x/d = 3 and 5 superimposed on contours of the dimen-
sionless mean stream wise vorticity field t;xd/Uc, where

Uc/d
dw
17

3V (i)

At these x locations, the center-of-rotation velocities are within 2 deg
of the streamwise direction. The vorticity fields are dominated by
one of the pair of counter-rotating crossflow vortices of the jet plume.
At x/d = 3, the vorticity contours are roughly kidney shaped, with
large gradients near the bottom left and top right of the vortex cross
section. These kidney shapes are longest along a line approximately
27 deg from the z axis. At x/d = 5, where the vortices have risen
away from the wall and moved apart, the vorticity contours have
approximately equal radial gradients around their periphery and are
roughly elliptical with the major axis aligned with the y direction.
This change in the shape of the mean vorticity contours strongly
suggests that the motion of each crossflow vortex is, at first, con-
strained by the other vortex and by the wall and then behaves more
as free vortex as it lifts away from the wall. Also, note that for
both x/d = 3 and 5, the centers of rotation of the in-plane vectors
correspond only roughly to the location of maximum £xd/ Uc.

The in-plane velocity vectors also show this constraint of the
motion of the crossflow vortices. First, in both crossflow planes, the
largest measured V-W velocities and in-plane velocity gradients oc-
cur in the constrained regions below the vortex center and between
the vortex center and the symmetry plane. The unconstrained regions
of the vortex (above and outside the vortex center) are much larger
and have smaller velocity magnitudes and smaller velocity gradi-
ents. As the plume develops from x /d — 3 to 5, its cross-sectional
area increases mostly in the transverse direction, and the magnitudes
and gradients of the in-plane velocities in the constrained regions
are significantly reduced. For example, at x/d = 3, the largest mea-
sured spanwise velocity in the constrained region below the vortex
center is W = — 239 m/s. At x/d = 5, the largest measured spanwise
velocity in this region is W = — 119 m/s. Also, note the difference in
the spanwise extent of regions of $xd/Uc > 0.1 for the two cross-
flow planes. The integrated strengths of the crossflow plane vortices
at x/d = 3 and 5 are 1.11 and 1.00 m2/s, respectively.5

A significant difference between the vortices of this highly three-
dimensional and compressible TJISF flowfield and that of a sim-
ple, plane, incompressible, two-vortex flowfield is the nature of the
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Fig. 1 Schematic of the flowfield of a transverse jet injected into a supersonic flow.
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Fig. 2 V—W velocity vector field with superimposed streamwise mean
vorticity contours: —>, 240 m/s.

relatively inviscid velocity field and pressure field surrounding the
TJISF jet plume. Upstream of the jet plume and near the wall, the
strong normal section of the bow shock creates a subsonic region.
Freestream flow velocities (above the boundary layer) increase in
the transverse direction because of the curvature of the bow shock.
Further from the wall, a three-dimensional slip surface separates the
subsonic regions behind the normal section of the bow shock from
the supersonic regions downstream of the weaker sections of this
shock. Figure 3 shows a plot of the transverse "upwash" velocities,
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Fig. 3 Upwash velocities at the z/d = 0 centerline vs y/d for both cross-
flow planes.

V/UC, at the z/d = 0 centerline vs y/d for the crossflow planes
of the current study (see Fig. 1 for the definition and location of
the maximum upwash velocity). Unlike those of the subsonic case,6
these distributions are asymmetric (in y/d) about the location of the
maximum upwash velocity. Near the jet wall, the upwash velocities
approach zero. Far from the wall, however, the upwash velocities
approach the velocity of the crossflow fluid just above the jet plume.
In the TJISF flowfield, the crossflow fluid above the plume is down-
stream of the oblique sections of the bow shock and thus has a
significant transverse velocity component. This three-dimensional
effect negates the application of simple vortex models, which use
upwash velocity distributions to estimate vortex strength,7 to a jet
in supersonic crossflow.

Conclusions
The motion of the counter-rotating, crossflow vortices clearly

dominates the downstream velocity field of the TJISF jet plume.
The streamwise mean flow vorticity field and the in-plane velocity
vectors of the crossflow planes suggest that the motion of each
crossflow vortex is, at first, constrained by the other vortex and by
the wall. As the vortices move apart and rise away from the wall, the
crossflow vortices behave more like two free vortices. This upstream
confinement effect, not reported by researchers of low-speed jets,
may be associated with the fact that the present flowfield is highly
compressible. In some cases, this difference may also be associated
with the fact that the jet-to-crossflow momentum flux ratio of the
current study is less than that of many of the subsonic transverse
jet injection studies performed previously. Another feature of the
highly compressible TJISF flowfield is that the profiles of upwash
velocities along the z/d — 0 centerline vs y/d are asymmetric
about the location of maximum upwash velocity. Consequently, the
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downstream crossfiow vortices are highly three-dimensional, and
the use of simple vortex models commonly applied to low-speed jets
in crossfiow is questionable. Furthermore, because of the upstream
constraint of the vortices and the advection of jet fluid caused by
the relatively large transverse velocities above the jet plume, the
location of maximum upwash velocity is not necessarily expected
to occur directly between the vortex centers.
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Introduction

T HE analytically evaluated dynamic characteristics of a struc-
ture seldom agree with the corresponding measured experi-

mental ones. The problem of the correlation between the analytical
and measured modal parameters has been addressed for many years,
and a number of approaches and discussions have been published
on the subject.

In the line of the Baruch/Berman (see Refs. 1-4) and Kabe5'6
methods, this Technical Note describes a new algorithm for stiff-
ness adjustment. It is shown that the Baruch/Berman method can be
considered as a general expression of the adjusted stiffness matrix.
The structural connectivity constraints are applied to the general-
ized Baruch/Berman equation as constraints in the optimal process
so that the dimension of the derived governing equation is equal
to the number of zero elements in the upper-side triangular part of
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the stiffness matrix. Generally, the stiffness matrix is obtained from
Guy an reduction and is full. Only a few elements with very small
values are considered to be zero. In this case, the dimension of the
derived governing equation will be relativaly small.

The derived auxiliary equation system is solved by the House-
holder QR decomposition, which is simple and efficient. A numeri-
cal example is presented to illustrate the performance of the method
and compare the results with those obtained by the Kabe5'6 and the
Kammer7 methods.

Method
General Expression for the Adjusted Stiffness Matrix

Given a symmetric positive definite mass matrix M(n x ri) and
a rectangular measured modal matrix <f>m(n xm),m <£n, which is
normalized to fulfill the orthogonality condition

where / is the unity matrix and the superscript t denotes matrix
transpose. The normalization in Eq. (1) can be achieved by adjusting
either the analytical mass matrix (e.g., Ref. 2) or the measured modes
(e.g., Refs. 8 and 9) or the approach presented by the writers10 that
requires a smaller change for the measured modes than the method
of Refs. 8 and 9.

Assume that K(n x ri) is a symmetric stiffness matrix to be de-
termined that satisfies the eigenvalue equation

where ̂ n(m x m) represents a diagonal matrix containing the mea-
sured system frequencies. If fa is the matrix of the remaining higher
normalized modes of the system defined by M and K, the stiffness
matrix will satisfy

K = MM'hK<t>h<t,'hM + M ̂  K<t>,,,4>'mM

From Eqs. (1) and (2), we have

Therefore,

K = Mfa^Kfa^M +

(3)

(4)

(5)

Note that although the unknown normalized higher modal matrix
fa itself depends on the stiffness K, its product fafy can be deter-
mined from the given mass matrix and the product of the measured
modes,

fart = M~[ - 4>m<t>f
m (6)

Equation (5) is equivalent to Eq. (2). Any stiffness matrix that
satisfies Eq. (5) will satisfy Eq. (2), and vice versa. Furthermore,
any symmetric matrix used as an initial stiffness matrix in the right-
hand side of Eq. (5) will yield an adjusted stiffness matrix that
satisfies Eq. (2). Therefore, if K in the right-hand side of Eq. (5) is
treated as a variable initial stiffness matrix, indicated by KO, Eq. (5)
becomes the general expression of the adjusted stiffness matrix,

K = Kofa^M + (7)

It is recognized that the substitution of the analytical stiffness matrix
Ka for KO into Eq. (7) yields the solution of the Baruch/Berman
method.

Generation of the Governing Equation
From Eq. (7) it is concluded that different methods for stiffness

matrix adjustment based on Eq. (2) can be interpreted as different
choices for the initial stiffness matrix KO.

As in Ref. 5, we relate the initial stiffness KO to the analytical
stiffness Ka by

O = Ka (g> (8)

to consider the percentage change of the analytical stiffness ele-
ments. In Eq. (13), <8> represents an element-by-element multipli-


